Young's Inequality
Yue Kwok Choy

Question 1

Let f be areal-valued function which is continuously differentiable and strictly increasing on the interval
1=[0,). Suppose f(0)=0. Let ael and bef(l).

(@) Forany ael,define g(t)= bt—[, f(x)dx.
Prove that g attains its maximum value at  f~(b).
(b) () Provethat [°"® xf'(x)dx =g(f (b)) .
(i) By changing a variable, prove that  [©"® xf'(x)dx = [° £ (x)dx .
() Use (a) and (b) toshowthat [° f(x)dx+[. f™(x)dx>ab. Draw adiagram to show the
geometric meaning of this inequality if the integrals are interpreted as areas .
p q
(d) Use (c) toshow the Young'sinequality : a—+b—2ab ,where p>2 and 1+1=1
pqQ P qQ
Solution
(@) Since f isstrictly increasing, f'(t)>0.
g(t) = bt-[, f(x)dx
= g'(t)=b —%jto f(x)dx = b—f(x) , by the Fundamental Theorem of Integral Calculus .
g =0 iff t= f(b) .
Since g'(t)=-f'(t) <0 ,since f'(t)>0.
g attains its maximum valueat f(b).
(b) (i) Using integration by parts, [*® xf'(x)dx = xf(x)(g’l(b) — 1) £ (x)dx
—bf*(0)~ [T £(x)ax = bt - [ f(x)dx]t:f,i(b) = g(t)(t:f,l(b) = g(f (b))
(i) Put y=f(x), or x=f'(y). Then f'(x)dx=dy
When x= f?*(b) ,y=b. When x=0,y=0 (since f(0)=0)
[0 xf (x)dx = [° FH(y)dy = [° £H(x)dx ,since y isadummy variable .
(© From (a), g(f*(b)=g(t) ,where tel . Inparticular, g(f(b))>g(a) e (D)
From the definition of g(t), g(@)= bxa-—J[; f(x)dx .. (2



(d)

From (b) () and (i) , [° f*(x)dx=g(f*(b) )

[2 f(x)dx+ [0 FH(x)dx = [ab—g(a)]+g(f *(b) , by (2)and(3)

[2 f(x)ix =Area Il il
[P f(x)dx =Area | +Area II. B(0,b) Y

J5 Fxax+ g £ (x)dx

=Area | +Area Il+Area Il
>Area | +Area Il
=ab

e S

From (c), [5 f(x)dx +[; f*(x)dx >ab .

Put y=f(x)=x"", p>2 inthe above inequality .

Since y'=(p-1)x**>0 for xel ,wehave
1
2 (x)dx + [0 FH(x)dx = [* xPrdx + [P xPrdx =2 xPldx + [° x%dx |, since 1.1,
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—+—=>ab , by (c).
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Question 2 [ Young's inequality = Generalized A.M.>GM.]

(@)

(b)

(©)

Giventhat Ao +(1-A)p>a*p™ ,for 0<rA<1, o, p20.
L. 1 1 a® b o .
Prove that if —+—==1, then —+—>ab. (Young's inequality)
P qQ P Q

If p,g,x,y>0 suchthat p+q=1,provethat px+aqy>x"y".

7 Xy Xy Xy >0, suchthat o, +a, +..+0a,, =1, by letting

m+1?

If o,,0,,..,0

p=o,+0,+..+a, and X=X, +X,+..+X, ,o0rotherwise, prove that :

X >

p
0 Xy + O, X, + o 0L X Ot
Oy Xy + 00X, ot Oy Xy —[ X1 :

o+ 0, +...+0,



(d) Prove by induction: If o, a,,..,0,; X;,X,,...X, >0,suchthat o, +oa,+..+a,=1,

o, o, a
then o, X, + o, X, +..+ o, X, =X, X, ..X

motm —

m
m

€ If p,LpPyeoPms XXy, X, >0, prove that

1
Pr P Pm 0 X; 4+ 0,Xy + o 0y X,
X, X, X <
( 1 2 m Jp1+p2+...+pm 0t p,+. P,
Solution
p q
(@ Let 7L=1 , then 1—%:1. Alsolet a=0a’, b=p" . a—+b—2ab
p q P q
(b) Let a=x", b=y S el
P Q
1 1
Further replace — byp and = byqg. .. p+g=1 and px+qy=>x"y?.
p q

X
(©)  oyXy + 00X, e O Xy =X+ 0 Xy = p[aj + O X

p
Z(%J Xm+1 am+l ’ by (b) ' Since p+am+l :1

p

[ Xy H X+t X | O

- 1
oy + 0, +.t o, "

(d) The assertion is trivial for m=1.

Assume the assertion is true for some integer m> 1.

p
o, a, o O . o, o
04Xy +0,X, o+ O Xy 2 (—xl +—=X, +...+T’"xmj X , by (c), since —+... +Tm =1

/ / IpY
z[xl % px2 *2 p....xm %m pj X, ™ by inductive hypothesis.

The assertion is also true for the integer m+ 1. Result follows by induction.

(e) Replace o, = i where i=1,2,...m in (d). Then

p, +p, +...+p,

1
o, +o, +..+a, =1 and (xlplxzpz....xmpm)pl+p2+_,+pms

AyXy + 0,X, + o+ 0L Xy
Py +P, +.t Py




